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Abstract 



Certain properties of maximal abelian projection are derived which sug- 
gest that the fundamental and adjoint SU(2) string tensions are reproduced by 
singly and doubly charged abelian Wilson loops, respectively. Thus, abelian 
\ dominance, which has been observed for color sources (quarks) in the funda- 

mental representation, can be extended to higher representations. Numerical 
evidence in support of this conjecture also for adjoint quarks is presented. The 
■ difference between maximal abelian and local projections is elucidated and the 

, role of non- Wilson-like terms in the effective abelian action is discussed. 

^ ■ I. INTRODUCTION 

^ ■ Understanding the confinement mechanism remains one of the most important topics 

in non-perturbative QCD. A minimalistic approach is to search for a subset of degrees of 
^ \ freedom that can lead to confinement. In that respect, considerable progress has been 
\ made in the case of compact quantum electrodynamics (CQED) where both analytical and 
numerical studies suggest that confinement can be understood to arise via monopole con- 
densation in a dual superconductor picture The abelian projection of 't Hooft |^ 
is an attempt to apply the same ideas to QCD by mapping SU(N) gauge theory onto its 
U(l)^~^ largest abelian (Cartan) subgroup. This mapping is effected by partial gauge fix- 
ing that leaves only a residual U(l)^^^ symmetry. In the original paper by 't Hooft this 
is done by choosing a gauge so that an adjoint operator X is diagonalized, X VXV~^ 
= diag[exp(i0i), exp(i02), • • •exp(i0Ar)], with the constraint = 0. This gauge fixing is 
only partial since V is determined modulo left multiplication by factors 

c^ = diag(e^"^e*"^...e*"^) , E«^ = 0- (1) 

i 

{d} lives in the Cartan subgroup U(l)^~^. After the abelian projection, the diagonal com- 
ponents —i[A^]ii of the (adjoint) gauge field transform under this residual gauge symmetry 
as a6e/mn potentials (labelled "photons" by 't Hooft), —i[A^]ii — > — —d^ai, where 
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X^J^'^Im = 0. The off-diagonal components — i ^ j, transform as A^(A^ — 1) charged 
vector fields (labelled "gluons") — ifA'^jjj —iexp{i[ai — aj])[A^]ij. Quark fields in the fun- 
damental representation transform as singly charged with respect to the appropriate "pho- 
ton", ipi —y exp{iai)ilJi. The case of SU(2) is somehow special since the constraints imply 
that there is only one free phase a = ai = —02, with respect to which the off-diagonal "glu- 
ons" are doubly charged. Lattice QCD provides an ideal framework to carry out 't Hooft's 
programme 0. On the lattice, an SU(2) link U^^^ = uq + ia ■ u, with ul + = 1, can 
be alternatively parametrized as f/^^^ = cos0^.^exp(i6'^^^), f/^^ = sm(f)^^f,exp{^Xx,^i), 
Ull = -Ul^;. Ull =Ul];, with <P e [0,'7r/2], and x,0 e (-7r,7r].' The link U,,, can be 
decomposed as 

If — ( cos0e*^ sin0e*^ ^ — cos0 sin0e*'''\ / e*^ \ 
V — sin0e~*^ cos0e~*^/ V — sin^e"*''' cos0 / V e~*^y ' 

where the abelian phases 6 are defined as 

9 ^ arctan (^) , (3) 

and where cos0 = ^Ju'l + u^. Under the residual U(l) symmetry 6 and 7 = x + ^ transform 
like 

^x,^ ^x,^ (^x (^x+ji 

1x,fi 7x,M + '^oix , (4) 

that is, like abelian gauge field and charge-two matter field (in the continuum), respectively. 

Notice that exp(z6') = {uq + iu-i)/^JuQ + ul and therefore diag[exp(i6'), exp(— 'i6')] can be 
viewed as a rescaled diagonal SU(2) link. Besides photons, gluons and quarks the abelian 
projected theory also contains abelian monopole world lines in four dimensions [d = 4) and 
monopole points ( "instantons" ) in d = 3, which are identified as singularities in the gauge- 
fixing condition and are on the lattice extracted from the phases 6 following the algorithm of 
DeGrand and Toussaint 0. Having started from QCD, one is then in position to repeat the 
numerical studies that have been done in the case of compact QED. The abelian projection 
is gauge-dependent; the subset of degrees of freedom that can account for confinement 
may be different in different gauges and choosing a gauge becomes an art, although 
there is some evidence that this gauge dependence reflects short distance fluctuations and 
tends to go away in the infrared |TD|. Most lattice studies of the abelian projection are 



performed using the so called maximal abelian (MA) projection |^, corresponding in 
the continuum to Dl^A^. = d^A^. — ig[AQ,A'^] = 0, where A± and Aq are off diagonal 
and diagonal gluons, respectively. On the lattice, with SU(2) gauge group, this amounts to 
making the SU(2) links maximally- diagonal after the abelian projection. This projection has 
nice properties that seem to support 't Hooft's conjecture: the abelian monopole density in 
MA projection seems to scale |jlO|,|lT],|l2|,|l3| ; monopoles show a correlation with confinement 



in that they are dynamical in the confining phase and static above the finite temperature 
phase transition |]5|Jl^. A particularly interesting feature of MA projection is that abelian 
Wilson loops constructed from the diagonal photons 9 reproduce the fundamental QCD 
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string tension |TJ,|T5|,|T6| , a result named abelian dominance. This is an important result 
because it is the photons 9 that contain the monopoles that are supposedly responsible for 
confinement. Further support to the dual superconductor picture is provided by measuring 
the string tension generated from monopoles alone and showing that it reproduces the full 
SU(2) string tension |T5[. 

Abelian dominance may be interpreted as evidence that in maximal abelian (MA) pro- 
jection the off-diagonal gluons A± can be neglected altogether, so that the Wilson loop is 
constructed simply from diagonal "photons" . However, this "diagonal approximation" PJI7[] 
is easily seen to be oversimplified by considering color sources (quarks) in SU(2) represen- 
tations j other than the fundamental (j = 1/2). For j = 1 (adjoint representation) the 
diagonal approximation forces the string tension to be zero not only in MA, but in any 
abelian projection, since the mj = component of the adjoint source cannot couple to 
diagonal gluons and remains unconfined [l^JT^. This result is in disagreement with the 



fact that the adjoint potential shows for intermediate separations a Casimir scaling linear 



behavior 1 20 ,pT|,p2|,p3| and has been interpreted as evidence for the failure of the abelian 



projection mechanism Simulating QCD with adjoint color sources can therefore 

provide valuable insight into the dynamics of abelian projection. 

In this work the maximal abelian projection is reviewed. It is shown that the dynamics 
of the theory in MA projection can be understood in terms of the following properties: (a) 
< COS0 > is fixed to a value close to (but not exactly equal to) one (b) (p dependence 
factorizes (c) the effective action may be reasonably approximated as involving only 6 fields. 
At (3 = 2.4, where the calculations reported here are performed, 90% of the SU(2) action 
is carried by a CQED type action (3 cos 9p, where 6'p is an abelian plaquette constructed 
out of 9 fields and /? = /?(cos0)'^ is an effective coupling. There is also a O[10%] correction 
that involves ^-dependent terms and ^-dependent terms coming from the expansion of the 
Fadeev- Popov determinant. Thus, to a first approximation the phases x can be treated 
as random, and the phases (p as frozen. By integrating over x using ^-factorization 
it is shown that abelian dominance for sources in the fundamental representation readily 
follows from this approximation. For adjoint sources the Wilson loop can be split ||24] into 
contributions from the electrically (i.e., with respect to the residual U(l) symmetry) neutral 
(m = 0) and electrically charged (m = ±1) components of the adjoint source. Is is shown 
that the "diagonal" approximation is not reproducing the MA projection results as can be 
most clearly seen by comparing their respective predictions for the electrically neutral adjoint 
Wilson loop Wj^i- the diagonal approximation predicts it should be 1/3, while ignoring the 
X-dependent terms in the action predicts it should fiuctuate around 0, albeit with a perimeter 
law falloff. This latter result simply means that to account for the confining behavior of the 
m = components of the adjoint source, fiuctuations of the diagonal gluon field have to be 
taken into account as well. On the other hand, the above approximation (i.e. ignoring the 
small, x-dependent terms in the action) implies that the string tension from the electrically 
charged part of the adjoint Wilson loop must be given by doubly charged abelian 

Wilson loops Wn=2- It is numerically found that WjL^ generates roughly the same string 
tension as the full adjoint Wilson loop Wj=i = + Wj^i, in accord with calculations in 
three dimensions This last result may then be used as phenomenological input, which. 



combined with the above analysis, suggests that doubly charged abelian Wilson loops should 
reproduce the full SU(2) string tension in MA projection. Numerical evidence in support of 
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this result is presented. Thus, abehan dominance can be extended to quarks transforming 
in the adjoint representation. Doubly charged loops in CQED generate a string tension 
that Casimir-scales, and is therefore equal to 2^ = 4 times the one from singly charged 
loops ^5|]. Abelian dominance for adjoint sources on the other hand means that this ratio is 
in MA projection equal to the ratio of quadratic Casimirs j{j + 1) between adjoint (j = 1) 
and fundamental (j = 1/2) SU(2) representations, that is, 8/3 ~ 2.7 (in F12 projection 
is found to be less than 2). These results show that abelian QCD is certainly closer to 
CQED in MA projection than it is in local projections like F12 but still quite different, 
as is necessary due to the qualitative differences such as deconfinement phase transition, 
asymptotic freedom etc., between QCD (which abelian QCD in MA projection presumably 
reproduces) and CQED. In the context of the MA projection properties we mentioned above 
these non- Wilson type of 6'-dependent action terms originate in the expansion of the Fadeev- 
Popov determinant. Finally, the mechanism of charge screening (breaking of the adjoint flux 
tube at large quark-antiquark separations) is discussed in the framework of MA projection 
abelian QCD. 

The structure of this article is as follows: in section II we discuss some properties of MA 
projection and then use them to derive abelian dominance for fundamental quarks (in section 
III) and for adjoint quarks (in section IV). A summary of our investigation is presented in 
section V. 



II. THE MAXIMAL ABELIAN PROJECTION 

MA projection amounts to maximizing the quantity 

n = J2T^T [Ut (x)o-3U^(x)a3] = J2 cos(20., J . (5) 

X,fJ, X,/i 

Following Ref. 0] the SU(2) plaquette action Sp is decomposed in Sp = Se + + Se^. 
Se contains 9 but not x fields, involves x but not 9 fields, and Se^ involves interaction 
between 9 and x fields: 

Sp = ^Tr (Ui U2 Ul Ul) =Se + S^ + Se^ , (6) 
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where 



Se = (^cos cos (j)2 cos (jy^ cos (jy^j cos (7) 
Sy^ = (sin (pi sin 02 sin 03 sin cos xp (8) 
Sex = ~ (cos 01 cos 02 sin 03 sin 04] cos(^i + 6'2 + Xa - X4) + • • • (9) 



Here 9p = 9i + 92 — 9^ — 6*4 and Xp = Xi ^ X2 + Xs ~ Xi ^^^^ U(l)-gauge invariant plaquettes 
constructed from phases 9 and Xj respectively. The dots stand for 5 more terms involving 
U(l) invariant (c.f. Eq. (^) combinations of two 9 and two x phases each. Se is proportional 
to the Wilson action for compact electrodynamics. The gauge fixing condition, Eq. (^, 
forces the phases to fluctuate around zero and thus one expects [j^ that 5*^ < Sex < Se- 
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Using 50 configurations on a 12 lattice at (3 = 2.4 we find that < cos (j)x,^i > is equal to 
0.6665(1), 0.6711(1) and 0.9263(1) in unprojected, F12-projected, and MA-projected QCD, 
respectively. The value in the former two cases corresponds to being basically random, as 
can be seen using the group measure corresponding to link parametrization, Eq. (|^) 

^ /'7r/2 r7T rTT 

— ^ / (i0cos0sin0 / d9 dx , (10) 

27r^ JO J-TT J-TT 

from which follows that < cos0 > = 2/3. In MA projection < cos</) > is close to 1 
and, accordingly, we find Sp = 0.6298(1), 5*61 = .5739(4) which means that they differ by 
{Sp — Se)/Sp = 9%. Moreover we find that < Op cos >< cos 6'p > =0.5586(5) which 
shows that the SU(2) plaquette to a good approximation factorizes in a product of cos0 
terms around the loop times an abelian plaquette constructed from the photons 6. In F12 
projection we find that Sg = 0.0890(1) accounts for a small fraction of Sp and, moreover, that 
factorization does not hold as < Hpcos^ >< cos6'p > = 0.0565(1). In MA projection cos0 
behaves like a parameter (more appropriately, like a spin-glass coupling since the effective 
coupling is Pcoscp'^); for example, < Hp cos > = 0.7377(3), while < cos0 >^ = 0.7362. 
This behavior is shown in Fig. |1] for the product < Hl cos > around T x R rectangular 
Wilson loops. The solid curve corresponds to 0.9263^ and the dotted curve to (2/3)^, where 
V = 2{R + T) is the perimeter of the loop. It is clear that the product < nLCOs0 > around 
Wilson loops falls with the perimeter of the loop. In F12 projection < cos0 > is slightly 
larger than in the unprojected case because of the gauge condition (diagonalization of the 
plaquette in the (1,2) plane). For future reference we show the behavior of < nLCOs^0 > 
in Fig. ^ The solid curve corresponds to 0.9263^^ and the dotted curve to (1/2)^, where 
1/2 is, from Eq. (p!OD, the expectation value for randomly distributed cos^0. 

III. ABELIAN DOMINANCE: FUNDAMENTAL SOURCES 

For an T X R Wilson loop in the fundamental representation, W = Wq + ia ■ w, we can 
write a generalization of Eq. (0) , 

Wo + iws = (cos0)^'^ exp(z^L) + (sin 0)^^^ exp(ixL) 

(2L\ 

L—l \2m) 

+ 5^(cos0)2™(sin0)2(^-'-) s„exp(2l]„[2m^,2(L -m)x]) • (11) 

m=l n=l 

The notation is as follows: L stands for R + T, and 6l is the abelian, singly charged, 
Wilson loop constructed from photons 6. Similarly, xl is the charged matter field analog 
of Wilson loop and f2„[2m6', 2(L — m)x\ is an angle containing 2m 6'-phases and 2{L — m) 
X-phases. There can be an even-only number of either of them and therefore m = 1 for the 
1x1 Wilson loop. The index n denotes the specific combination of phases once m is fixed. 
There are Q^) such combinations for given L and m, so that the total number of terms is 
2 + Z]m=i Qt) — S^'^^^ (for example, in the case of the plaquette R=T=1, L=2, m=l, and 
the total number of terms is 8). Finally, Sn is a sign factor for the given phase combination. 
Henceforth, cos and sin are treated as fixed parameters, that is, integration over using 
the MA projection condition, Eq. (^), amounts to fixing the magnitude of cos0 with the 
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residual effect of corrections to the action introduced by the Fadeev- Popov determinant [0. 
Consider now the expectation value of the trace of the fundamental Wilson loop, < Wj=i/2 > 
= < Wq >. Ignoring the small x-dependent part in the action simply means that all terms 
in the operator involving angles containing x variables vanish and therefore 

< Wj=i/2 > ^ (cos 0)2^1 d[^]e-[^^''+^^^^lcos^L 

= (cos 0)2^ < COS^L >abel ■ (12) 

Here ASpp is an effective action coming from the Fadeev-Popov determinant after inte- 
gration. From Fig. ^ one sees that Eq. ([l^) is a good approximation in MA projection and, 



not surprisingly, very bad in F12 projection. Abelian dominance follows from Eq. (p!2|): the 
string tensions from the SU(2) expectation value < Wj=i/2 > and the abelian expectation 
value < cos9l >ahei (that is, the singly charged abelian Wilson loop) should be equal since 
the two differ by a perimeter term that disappears when forming Creutz ratios. Notice, for 
future reference, that cosOl can be thought as constructed from either U(l) links exp(i6'), 
Eq. (^, oriented along a path L 

Wn=i = Re I n = cosine,) = cos(^i) , (13) 

or, from rescaled diagonal SU(2) links 



= ^Tr ( n ( J.e, ) I = cos(E 0.) = W^^, . (14) 



ieL 



Abelian dominance is by now well established [[I4| , p!5i[l6| . For completeness however, we test 



abelian dominance for the fundamental case in Fig. ^. The Creutz ratios from full SU(2) 
Wilson loops Wj=i/2 are compared to Creutz ratios from singly charged abelian Wilson loops 
Wnli (equivalently, fundamental diagonal (rescaled) SU(2) Wilson loops maximal 
abelian (AP=MA) and field strength (AP=F12) projection. Calculations are performed at 
j3 = 2.4, in four dimensions, where monopoles in MA projection seem to scale [llll , [l2| and 
fundamental abelian dominance has been already observed Results for SU(2) Creutz 



ratios in fundamental and adjoint representation come from 80 measurements on a 16^ lattice 
separated by 20 updates. An iterative smearing (with 20 iterations) is used for the space-like 



links, with parameter c = 2.5 ||2^. The abelian projection results come from two sets of 
measurements. The first comprises of 200 measurements on a 16^ lattice and the second of 
350 measurements on a 12^ lattice. Measurements are separated by 60 updates. Error bars 
for the effective potential and Creutz ratios are obtained using the jackknife method. The 



MA condition, Eq. (^, is enforced iteratively using the overrelaxation algorithm of Ref. ||28 
with parameter uj = 1.7. Since the effective U(l) theory after projection fixing is not pre- 
cisely known one cannot use multihit variance reduction techniques. A straightforward 
modification of smearing was tried by creating smeared U(l) links after the abelian projec- 
tion which did not prove successful. Without such techniques the range of R, T values that 
results can be obtained becomes severely restricted, especially for the operators relevant for 
the adjoint source case (next section). No attempt is made to fit the Creutz ratios to some 
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ansatz from which to extract the string tension. In MA projection abehan dominance is 
observed as the full SU(2) Creutz ratios are reproduced by the abelian ones at intermediate 
separations R 



a 



■i=i/2 



MA 
n=l 



(15) 



Here, n labels the U(l) representation (charge) in the abelian Wilson loop operator, Wn = 
cos^uOl). Fundamental quarks transform as singly charged with respect to the residual U(l), 
hence n = 1 in this case. The fact that Creutz ratios show more noise in F12 projection 
than in MA projection reflects short distance fluctuations that plague local projections such 
as F12 but which are washed out in maximal abelian projection which is non-local [0. F12 
projection does not satisfy abelian dominance: the abelian string tension is higher than the 
SU(2) one [0 in commensurate with higher monopole density in local projections like F12 
compared to MA projection |]TB|,|TU . 



IV. ABELIAN DOMINANCE: ADJOINT SOURCES 

Consider now color sources (quarks) transforming in the adjoint representation of SU(2). 
At intermediate separations R the potential between adjoint sources shows a linear behavior 
with a string tension that exhibits Casimir scaling, that is, scales like j{j + 1), where j labels 
the SU(2) representation (j = 1/2 for the fundamental, j = I for the adjoint, etc.) Thus 
the adjoint string tension is roughly 8/3 times the fundamental one. Eventually however, 
the adjoint potential is expected to saturate as it becomes energetically favorable for color- 
singlet bound states of adjoint source and glue ( "gluelumps" ) to screen the adjoint flux 
tube P P(]|JHI[] . The Casimir scaling behavior is of perturbative (weak coupling) origin pi| : 
the one-gluon exchange contribution to the potential scales with the charge squared, hence 
the Casimir factor j(j + l). There is substantial numerical evidence in favor of Casimir scaling 
in both three p^j23[] and four [^,0 dimensions, for SU(N), as well as compact QED ||3^ 



(where n-ply charged Wilson loops develop a string tension that scales like n^). Surprisingly 
enough, Casimir scaling seems to persist at large separations. In three dimensions it is still 
seen at R values corresponding to almost twice the screening distance where gluelumps were 
expected to have saturated the adjoint potential |]22|. Thus, at least for separations R < 7a 



in (i = 4 at /3 = 2.4 (a ~ 0.12 fm), where our measurements are made, adjoint abelian 
dominance requires abelian QCD in maximal abelian projection to generate a string tension 

abel.MA ? 

(Tj=i' = <Tj=l (16) 

= 8/3 a,=i/2 (17) 
= 8/3 . (18) 

where 8/3 ~ 2.7 is the ratio of Casimirs between adjoint and fundamental SU(2) represen- 



tations. Eq. ( |16D would be direct evidence for adjoint abelian dominance, whereas Eq. (|T8D 
would be indirect, since it involves comparison between abelian observables in MA projection 
and is based on the observed Casimir scaling of the adjoint string tension, Eq. (p^, and 



the established abelian dominance for fundamental sources, Eq. (|TB|). The critical issue is 
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to decide from which abehan Wilson loops should q-'^^^''^^ extracted. We shall come to 
this question shortly. The adjoint string tension o"j=i is obtained from adjoint SU(2) Wilson 



loops, defined in a generic representation j as |35 



w^. = 2^^'{n^^[^4' ^^^^ 

with V[Ui] the appropriate irreducible representation of the link Ui G SU(2). The adjoint 
(j = 1) representation of an SU(2) element U with fundamental representation T>i/2[U] = 
uq + ia ■ u, with ul + = 1, reads 



mU]),, = lTr{a,Vy,[U]a,V\/,[U]) (20) 

= 6ab{2ul - 1) + 2UaUb + 2eabcU0Uc , 

where a,b E {1, . . . - 1 = 3}. Using Eqs. (|19],|0D one has 

Writing W = + ■ w for the fundamental Wilson loop, the trace of the adjoint Wilson 
loop can be split into the contribution of neutral (m = 0) and charged (m = ±1) states 
From Eq. (EO) we obtain 



,1,0^^ ^ v^upa _ (22) 

(23) 



This decomposition is projection-dependent as only the sum (^) + ( PB| ) = (^Tj) is SU(2)- 
invariant. Before applying the considerations of the previous section to the operators (p2| , p3[) 
let us discuss the abelian projection in the approximation where the Wilson loop of the full 
SU(2) theory is dominated by diagonal gauge field contributions [0,|17 



< W,{C) > ^ < Trexp [ijdx^AlTi) > 



< Tr exp (i <f dx^'AlTi] > 



2j + 1 ' \ J 

- — ^ << m\ exp (i (j) (Ix^A^^tA \m » 



2J . - 



2j 



- — < exp (im j> dx^A^\ > . (24) 

~l~ 1 rn=j 



Although Eq. ( p^ is sometimes referred to as the "abelian dominance" approximation |]T8 
we prefer the term "diagonal approximation" . Notice that if there was a "perfectly abelian" 
projection, that is, one where the coset fields would be identically zero, ul + u1 = 0, then the 
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above approximation would be exact. Abelian dominance would also be exact, since the full 
SU(2) Wilson loop operator would be identical to the one obtained from diagonal rescaled 
SU(2) links (equivalently, the singly charged abelian Wilson loop, Eq. (p!^). Of course such 
a projection does not exist, but due to its very definition maximal abelian projection seems 
to be a close approximation to the diagonal SU(2) limit, since (in the language of section II) 
the diagonal approximation corresponds to cos(f) = 1. By just observing abelian dominance 
for fundamental quarks one cannot distinguish between the diagonal approximation and 
the approximations of section II since their difference affects only the perimeter term (c.f. 
Eq. (|T2p). The reason for distinguishing between them becomes clear when introducing color 
sources (quarks) in higher than the fundamental representation. In particular, consider a 
color source in the adjoint representation of SU(2) 

$ G $ G"^ . (25) 

Under the residual abehan symmetry G = diag(exp(m), exp(— m)) we write, using Eq. (pOD 



cos(2a) sin(2a) 0\ 
(Pi[$]) ^ I -sin(2a) cos(2a) (Pi[$]) . (26) 

ly 

Thus, the m = ±1 source components (corresponding to indices 1,2 in the above matrix) are 
electrically doubly charged (that is, they interact with the photons of the abelian projection) 
while the m = component (corresponding to index 3) is electrically neutral and does not 
interact with photons. In the diagonal approximation therefore, one expects from Eq. ( ^2]) 
that < Wj^i > —>■ 1/3, corresponding to the m = contribution in Eq. (^4]). Even if < 
W^i > does develop a string tension, the total adjoint Wilson loop should fluctuate around 
1/3 and, clearly, the adjoint string tension should be zero. Thus, approximation ( ^4]) imposes 
dramatic constraints to higher representation string tensions: for ewen representations j, such 
as the adjoint, the m = eigenvalue contributes a factor of (2j + 1)~^ in < Wj{C) > which 
does not allow for confining behavior. One therefore expects [3, P^] 

j = even =^ "^j = (27) 
j = odd aj = 0-1/2 • 

The adjoint string tension is of course expected to be zero at separations beyond the screen- 
ing distance Re- Still, though, the abelian projection mechanism should be able to generate 
the observed Casimir scaling adjoint string tension for R < R^. Within the diagonal approx- 
imation, the abelian (i.e, constructed exclusively from 6 links) operator that should generate 
the adjoint SU(2) string tension is the adjoint Wilson loop constructed from rescaled diag- 
onal SU(2) links, diag(exp(i^),exp(-z^)) |T§ 



However, the discussion above suggests that this operator can not lead to a confining poten- 



tial. Indeed, in Ref. [|T8| it was shown that the SU(2) string tension in three dimensions from 



adjoint diagonal Wilson loops in MA projection is zero. This is not so much a test of the 
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diagonal approximation, but rather, is a demonstration that Eq. (^) does follow from the 
diagonal approximation, whether the latter is justified or not. In order to make this point 
clear, we show the effective (time dependent) potential 



(29) 



in four dimensions for maximal abelian projection (AP=MA) in Fig. |] and field strength 
projection (AP=F12) in Fig. ^. The potential is consistent with zero in both projections; not 
only the string tension vanishes but the perimeter term as well. This verifies the expectation 
from Eqs. (p^ , |22|) that in a diagonal SU(2) theory the adjoint Wilson loop Wj^^ — > 1/3, 
as is evident from Fig. ^ 

Let us now use the techniques developed in the previous sections to address the adjoint 
Wilson loop. Using Eq. ([TT| ) we find 



wl±wl 



cos 



+ (sin q 
+ 2(cos( 

+ 2(sin( 



^2L 
\2L 



cos^ 6l ± sin^ 9^ 
(cos^ XL ± sin^ XL 

2LJ2 



\2L 



El 



COS( 



COS( 



\2m, 



\2mi 



sm( 



sm I 



,2{L-m) 



\2{L-m) 



^Sn cos(fi„ =F 9l) 

n 

J2 Sn COs(fi„ =F Xl) 



+ 2(cos( 

m,m' 



\2Li 



\2Li 



)(mW)/gi^2 



COS^^L =F XL) 

^'''-"'^E^n3„'COs(a„Tfi;) 
n,n' 



(30) 



The first issue is to understand why the neutral part of the Wilson loop does not fluctuate 
around 1/3 as the diagonal approximation suggests but rather fluctuates around zero even 
in MA projection Consider therefore the operator [wq + w'^). Performing the x variable 
integration in the path integral by ignoring the small x-dependent part of the action allows 
only terms with no x flelds to survive. Since there is no 6 dependence at this level we obtain 



< wl + wl > 



cos 



)2^ + (sin2 0)2^ 



+ E (cos' 

m=l 



■2L 

E(cos^ 

.1=0 



\2L-l 



)2™rsin2, 



2L 

E(cos^ 

1=0 



COS 



+ sin^ + (cos^ 6 - sin^ <hf^ 



1 + cos(20) 



2L 



\2{L-m) 



sm 



(31) 



Thusly, W^jLi in MA projection fluctuates around for any value of cos 4> not exactly one and 
not around 1/3 as the diagonal approximation suggests. This shows that the adjoint diagonal 
Wilson loop is evidently unsuited for testing adjoint abelian dominance as is clearly seen 
in Fig. ^ Notice that in order to obtain the correct value around which VTjLj^ fluctuates 
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it is necessary to include (sin0) terms which, although small, are associated with large 
degeneracy factors. This is qualitatively different from the behavior of the fundamental 
Wilson loop, Eq. (0), and the behavior of the charged adjoint Wilson loop (Eq. ( ^2] ) below) 
where only (cos0) terms survive the free x integration. Since the x-dependent part of the 
action is associated with (sin0) factors, consistency requires that the correct behavior of 
lyjLi cannot be predicted unless x-fluctuations are properly taken into account by using the 
X-dependent part of the action. Indeed, from Fig. it appears that W^jLi falls with an area 
law; Eq. (|3TD fails to describe W^jLi except for very small loops. Physically, this amounts to 
the fact that m = source components interact either via the exchange of charged gluons 
(necessitating < smcj) >^ 0) or via photons which see an m = source "dressed" with a 
virtual cloud of charged gluons. In our picture this latter mechanism amounts to bringing 
down from the exponential powers of the x P^-rt of the action, which, coupled to M/^jLi will 
generate an assortment of perimeter and area terms involving 9l. The confining behavior 
W^jLi depends on the interplay between these terms. We conclude that our picture cannot 
predict a simple abelian operator that generates the string tension corresponding to the 
neutral adjoint Wilson loop W/^Li- 

The situation is different for the operator {wq — w|). Since there is no n,n' such that 
cos(r2„ + Q!^) contains no the x integration leaves simply 



<wl-wl> ^ 



(cos' 0)'^ j rf[^]e-['5^«+^^^^l cos(2^i) 

(cos' 0)'^ < COs(2^i) >abel . (32) 



This is the adjoint analog of Eq. (0) and is shown in Fig. ^ to be a very good approximation 
in MA projection (only). The (cos'0)'^ factor is a perimeter term as can be seen in Fig. |^. 
The physical interpretation of this prediction is completely analogous to the fundamental 
case: the adjoint source components m = ±1 are electrically doubly charged; thus, abelian 
dominance in this case requires that the string tension from the doubly charged abelian 
Wilson loop < cos(26'l) > reproduces the corresponding SU(2) string tension. What is 
not clear yet is the relation between the SU(2) string tension from and the string 

tension from the gauge- invariant adjoint Wilson loop Wj=i. From Figs. can be seen 
that < wl - wl > ^ Wj=i ~ < 2(tf' + wl) - 1 > in both F12 and MA projection. Thus, 



the full adjoint string tension and the string tension from the charged adjoint loop WfLi 



are roughly the same. For example, the (2,2) Creutz ratio from < — w| > is 6% higher 
than the gauge-invariant Creutz ratio, and the one from < 2{wq + w|) — 1 > is 11% lower. 



This is in agreement with the results in three dimensions ||2^ . We can only speculate about 
the origin of these results. A first argument is that it seems difficult to find string tensions 
(Tj=i, af^i and aj^^ such that exp(— crj=i ■ A) = a exp(— ajLj^ ■ A) + b exp(— cr"^]^ ■ A) for 



a range of values for the area A unless (Jj=i = o't=i = cr?=i- Another argument is using 



the spectral decomposition: although gauge-dependent, is a correlator evolving in 

time with the gauge-invariant Hamiltonian. The gauge-dependence is manifest only in the 
ground state to vacuum matrix element of the operator, which does not affect the area law. 
If correct, this would explain why aj=i = crfli^ independent of the projection AP. At least 
what we can do is use the equality of the "full adjoint" and the "charged adjoint" string 
tensions as phenomeno logical input. Using cTj=i = (yf=i in combination with Fig. § and 
Eq. ( P2| ) suggests that the full adjoint SU(2) string tension is given by the doubly charged 
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abelian Wilson loop, Wn=2 = cos{29l)- In other words, the observed adjoint string tension 
arises from the interaction of diagonal gluons (photons) with the part of the adjoint source 
that is charged (doubly) with respect to the Cartan subgroup. If this is indeed verified by 
simulation it should be regarded as adjoint abelian dominance. Notice the difference from 
the fundamental representation. There, the Wilson loops from singly charged U(l) links and 
the one from diagonal rescaled SU(2) links are identical (c.f. Eqs. (0,0))- In the adjoint 
case, however, < cos(2^l) > and the diagonal adjoint Wilson loop, Eq. (^), are proportional 
up to a constant 1/3. Thus, they can not simultaneously lead to an area law. This difference 
reflects the fact that fundamental abelian dominance is oblivious to the difference between 
MA projection and the diagonal approximation, whereas adjoint abelian dominance is not. 
If verified by simulations, adjoint abelian dominance is a non-trivial result for the following 
reason: it is well known that in compact electrodynamics Wilson loops constructed from 
U(l) links in representation n (i.e., n-ply charged) lead to string tension scaling with the 
U(l) Casimir P|,P^. Thus, for P values such that the effective coupling is less than the 
critical CEQD coupling, /?(cos0)'^ < /3c = 1, and if we ignore the Fadeev-Popov determinant 
in the action, we expect 

(yn=2 = 4 (Tn=l , (33) 

while from Eq. (|18D adjoint abelian dominance requires the relative strength to be 2.7 rather 
than 4. Thus, the non- Wilson like terms in the effective abelian action that come from 
the loop expansion of the Fadeev-Popov determinant, such as Op cos^ 0cos(26'p) terms 0, 
need play a crucial role in bringing this number down from 4 to 2.7. Direct evidence for 
the presence of such terms in the effective action has been reported in Ref. [^] by using 
an inverse microcanonical demon method to generate the effective abelian action given an 



ensemble of MA-projected QCD configurations. In Fig. |T2| we show results for the ratio 

X ^ ^tl.latl, (34) 

of doubly to singly charged abelian Creutz ratios in maximal abelian (AP=MA) projection 
from 200 configurations on 16^ lattices and 350 configurations of 12^ lattices. For the 
R values in Fig. |T2| the ratio of adjoint to fundamental SU(2) Creutz ratios is 2.6027(3), 
2.553(7) and 2.67(17) at _R = 1,2,3, respectively. At i? = 1,2 the singly charged Creutz 



ratios in MA projection underestimate the full SU(2) and therefore x is seen in Fig. |T2| to 
be lower than 4 but above 2.7. Certainly, more calculations are needed to verify that x ~^ 
2.7 in MA projection. The corresponding ratios for in F12 projection are extremely noisy; 
only R = 1,2 could be measured with values 2.111(1) and 1.93(50). Assuming a monotonic 
decrease with R the results indicate that abelian QCD in F12 projection is rather different 
than compact QED. Wensley ||3^ has measured the string tension from doubly and singly 
charged abehan loops using monopoles alone. At (3 = 2.5 he finds o-j=i/2 = 0.033(1) for 
the unprojected theory, a^J^ = 0.034(1) for the singly charged abelian loops and 0.093(1) 
for the doubly charged (7^=^^ thusly yielding a ratio 2.8(3). The trend seen in Fig. ^ is in 
qualitative agreement with these results. 

Direct numerical evidence for adjoint abelian dominance is shown in Fig. [11] where 
Creutz ratios from full SU(2) Wilson loops are compared to Creutz ratios from doubly 
charged abelian loops. As we have remarked earlier on, the lack of variance reduction and 
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smearing techniques makes the calculation of doubly charged abelian Wilson loops very 
difficult. Thus, only results up to = 3 are shown. These results seem to support adjoint 
abelian dominance but certainly more calculations (demanding resources unavailable to us) 
are needed before definitive conclusions may be drawn. The F12 projection doubly charged 
Creutz ratios (not shown in the figure) behave similarly to the singly charged ones in Fig. ^: 
they are more difficult to measure but consistently higher than the unprojected SU(2) ones. 

The last topic that should be discussed is the physics of charge screening in abelian pro- 
jected QCD with adjoint sources. In the diagonal approximation picture screening comes 
about automatically since W^jLi does not support a string tension, as we have already dis- 
cussed. However, with respect to the conjecture that abelian dominance can be understood 
in the context of doubly charged abelian Wilson loops, there appears to be an important 
caveat: once the doubly charged abelain Wilson loops develop a string tension there seems 
to be no way that this abelian flux-tube can break, since the photons are neutral themselves 
and cannot couple with the charged sources to form electrically neutral states (the analog of 
"gluelumps" ) . Of course one may argue that the off-diagonal gluons A± which carry double 
charge can now form electrically neutral states with the charge-two sources thus screen- 
ing the abelian potential obtained from doubly charged Wilson loops. It is more subtle 
though to address this question in the context of an effective abelian theory that results 
from the integration of the charged gluons (x)- This theory (c.f. Eq. (0)) contains just 
photons (and monopoles). What happens is probably the following [^: the loop expan- 
sion of the Fadeev-Popov determinant leads to terms in the effective 6 action that contain 
doubly charged plaquettes of size L ^ Rc where Rc corresponds to the critical distance 
where gluelumps screen the adjoint sources in full SU(2). Due to the numerical difficulties 
the presence of these terms in the action has not been established in Ref. [32| but they are 
presumably there. When the Wilson loop is large enough to "accommodate" such terms 
one can use them (only a small number is necessary!) to "patch" the area of the Wilson 
loop [^. As a result the Wilson loop does not fall like the area any more (as would be the 
case with only 1x1 plaquettes in the action) and a crossover to perimeter law falloff occurs. 



V. SUMMARY 

In abelian projected QCD monopoles, contained in the diagonal gluon (photon) fields 
6 are supposed to be responsible for confinement, by squeezing the abelian flux between 
electrically charged sources inside Abrikosov flux-tubes. Thus, a demonstration that abelian 
Wilson loops reproduce the full QCD string tension is crucial evidence in favor of this 
mechanism. The maximal abelian projection is the only projection in which this property 
of "abelian dominance" has been observed, and for quarks transforming in the fundamental 
representation. In this work a framework for describing the dynamics of abelian projected 
QCD in the maximal abelian projection is discussed. Specifically, it is shown that in maximal 
abelian QCD 

(I) Gluons are mostly diagonal: at /3 = 2.4 < cos0 >~ 0.93. The magnitude of off- 
diagonal gluon fields < sin0 > is small and does not fluctuate. Thus, (cos0) terms 
factorize in expectation values. 
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(II) In commensurate with (I) the SU(2) action is by 90% (at P = 2.4) accounted for 
by a compact QED action with effective couphng /?(cos0)^. Thus, the phases x of 
off-diagonal gluons are basically random. 

(III) Using (I) and (II) to integrate over the (free) x variables implies that 

(a) fundamental SU(2) Wilson loop and singly charged abelian Wilson loop expecta- 
tion values differ by a perimeter term, (cos0)^'^. Thus, they generate the same 
string tension, which is the familiar abelian dominance for fundamental represen- 
tation quarks. 

(b) in analogy with [a] , doubly charged abelian Wilson loops must generate the same 
string tension as charged (i.e., m = ±1) adjoint SU(2) Wilson loops. The perime- 
ter term in this case is (cos^0)^^. 

(c) Adjoint Wilson loops constructed from rescaled SU(2) links should not be used 
for testing adjoint abelian dominance because they fluctuate around 1/3, in any 
abelian projection, and therefore lead to a vanishing abelian potential. 

(d) the neutral (i.e., m = 0) adjoint Wilson loop fluctuates around 0, not around 
1/3 as ignoring the off-diagonal gluons would predict, albeit with a perimeter 
law falloff. However, x-integration cannot be carried out consistently unless the 
X-dependent part of the action is also included. Thus, the abelian operator that 
generates the string tension of the neutral adjoint Wilson loop cannot be predicted 
in a simple way. 

(IV) Numerically it is then found that charged Wilson loops have approximately the same, 
Casimir scaling, string tension as the gauge invariant full adjoint Wilson loop. Using 
this in conjunction with [b] suggests that doubly charged abelian Wilson loops generate 
the full SU(2) string tension. This is verified numerically. 

(V) The ratio of double to singly charged Wilson loops in MA projection is below 4:1 
which would be the Casimir scaling limit if the effective U(l) theory after the abelian 
projection is simply compact QED. In MA projection the ratio tends towards the 2.7 
limit that fundamental and abelian dominance, together with Casimir scaling for the 
unprojected SU(2) theory, would require. In F12 projection the ratio lies below 2 
which is an indirect indication that abelian QCD in F12 projection is less close to 
CQED than abelian QCD in MA projection. 

Before definitive conclusions can be drawn, two points need to be clarified. Firstly, the rela- 
tion between and Wj=i must be understood. Although we have presented an argument 
suggesting they should generate the same Creutz ratios, we feel that before this issue is com- 
pletely resolved it is not clear whether our results confirm Eq. ([I6| ) or only Eq. (|3^). Secondly, 
our results should certainly be confirmed at larger interquark separations, 5a < R < 7a at 
this /? = 2.4 value, where an non- vanishing, roughly Casimir scaling, adjoint string tension 
is observed. Assuming that they survive this test what is their implication for the abelian 
projection picture? Clearly, if one sticks to the notion that the off-diagonal gluons must play 
no role in the abelian projection dynamics then the abelian projection breaks down, as has 
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been advocated in Refs. |[T8|JT9|j2^ . The interpretation emerging from this study is somehow 
different: off-diagonal gluons cannot be neglected, but still, abelian degrees of freedom, i.e., 
electrically charged source components and diagonal gluons (photons), "dominate", in the 
sense that they generate the full SU(2) string tension, in both fundamental and adjoint rep- 
resentations. In that respect the MA projection appears to be uniquely successful: it effects 
what all these studies have set out to accomplish, namely, to identify a subset of degrees 
of freedom in terms of which the nonperturbative aspects of QCD can be understood. The 
success of the MA projection in reproducing the Casimir scaling behavior of the adjoint 
string tension provides further support to the idea that confinement arises due to monopoles 
contained in the abelian photon fields. 
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TABLES 



TABLE I. Summary of various Wilson loop operators considered in this work and the corre- 
sponding string tensions. Notation is as in the text: j labels the SU(2) and n the U(l) (abclian) 
representations; d denotes diagonal rescaled SU(2) links and dSU(2) the expectations (not mea- 
surements) in the limit where the "diagonal approximation" is exact, corresponding to Wq + w'^ 
= 1 at the operator level (equivalently, cos^ = 1). These are to be contrasted with the results 
in MA and F12 projection abelian QCD (last two columns). Abelian dominance (AD) is tested 
with operators expressed in terms of abelian link variables. Thus, when possible, operators are 
presented in terms of abelian Wilson loops, with 9l = cos(X^jg^ 6i). 



notation 
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definition 


dSU(2) 
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F12 




SU(2), fund. 




a 


cr 
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U(l), n=l 


cos 9l 
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a (AD) 


> cr 




SU(2), adj. 


3^0 3 











adj., m = ±1 


liwl-wl) 










adj., m = 


l{wl + wl)-\ 











adj., diag. 


|cos(20i) + i 











Wn=2 


U{1), n=2 


cos(26'l) 




^ h (AD) 
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FIG. 1. The expectation value of product YIlCos4i around an T x R Wilson loop. Results 
are shown for links unprojected (□), F12-projected (A) and MA-projected (o) QCD. The solid 
curve corresponds to 0.9263^ and the dotted curve to (2/3)^, where 2/3 is the expectation value 
of randomly distributed cos</> and V the loop perimeter, V = 2{R + T). 
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FIG. 2. Same as in Fig. [l|, for the expectation value of Hl ^os^ (j). The solid curve corresponds 
to 0.9263^^ and the dotted curve to (1/2)^, where 1/2 is the expectation value of randomly 
distributed cos^ 6. 
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FIG. 3. Approximating the fundamental Wilson loop by the factorized product < Hl cos ^ > 
around the T x R loop times the singly charged abelian Wilson loop < cosOl >■ Results shown in 
F12 (A) and MA (□) projection. 
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FIG. 4. Crcutz ratios from unprojected SU(2) Wilson loops Wj=i/2 (o) and from abelian Wilson 
loops Wn=i (cquivalcntly, Wj^^^^) ^^'^ (^) ('-') projection. 
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FIG. 5. Time-dependent potential V{R,T) from adjoint diagonal SU(2) Wilson loops Wj 
MA projection, for R = l (□), 2 (o), 3 (A), and 5 (o). 
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FIG. 6. Same as in Fig. |5| but in F12 projection. 
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FIG. 7. The adjoint Wilson loop Wj=i (□) versus the adjoint diagonal Wilson loop Wf=i (o) in 
MA projection. The dashed line corresponds to the asymptotic value for the latter, Wf^^ = 1/3. 
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FIG. 8. Approximating the charged adjoint Wilson loop by the factorized product of 

< Hl cos^ (f) > around the T x R loop times the doubly charged abelian Wilson loop < cos{26l) >■ 
Results shown in F12 (A) and MA (□) projection. 
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FIG. 9. The projection invariant adjoint Wilson loop (o) compared with the charged adjoint 
Wilson loop < Wq — w^, > in F12 (A) and MA projection (□). 
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FIG. 10. The (unprojected) invariant adjoint Wilson loop Wj=i = {4 < Wq > — 1)/3 (o) versus 
the neutral adjoint Wilson loop {2 < Wq + w'^ > —1) in F12 (A) and MA projection (□). The 
approximation, Eq. is also shown (o). 
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FIG. 11. Creutz ratios from unprojected adjoint SU(2) Wilson loops Wj=i (o) versus Creutz 
ratios from doubly charged abelian Wilson loops Wn=2 in MA projection from the 16^ run (□) and 
the 12^ run (A). 
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FIG. 12. The ratio X) Eq. (plD, between the Creutz ratios from doubly charged, Wn=2, and 
singly charged, Wn=i, abelian Wilson loops in MA projection. Results are presented from the 16^ 
run (□) and the 12^ run (A). The dashed lines show the Casimir scaling limit of compact QED, 
X = 4, and the abelian dominance limit, x = 8/3. 
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